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SOLUTION OF A LINEARIZED MODEL OF 
HEISENBERG'S FUNDAMENTAL EQUATION II 

E. BRUNING AND S. NAGAMACHI 

Abstract. Wc propose to look at (a simplified version of) Heisen- 
OO ■ berg's fundamental field equation (see [2]) as a relativistic quantum 

^D ' field theory with a fundamental length, as introduced in [T] and 

^^ . give a solution in terms of Wick power series of free fields which 

converge in the sense of ultrahyperfunctions but not in the sense 
of distributions. 

The solution of this model has been prepared in [5j by calcu- 
lating all n-point functions using path integral quantization. The 
functional representation derived in this part is essential for the 
verification of our condition of extended causality. The verifica- 
tion of the remaining defining conditions of a relativistic quantum 
r^ . field theory is much simpler through the use of Wick power se- 

Mh' lies. Accordingly in this second part we use Wick power series 

r~| , techniques to define our basic fields and derive their properties. 
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2 e. bruning and s. nagamachi 

1. Introduction 

1.1. Motivation and outline of paper. Heisenberg's fundamental 

field equation (see [2]) 

d 

Ifi-K — '4'{x) ± ^%m75 : ^{x)^{x)'j'''j5^{x) : = (1.1) 

contains a parameter / of the dimension of length and accordingly one 
might speculate that this parameter can play the role of the funda- 
mental length of a quantum field theory with a fundamental length 
as introduced in [1]. Unfortunately, nobody knows to solve this equa- 
tion. However there is a simplification of Heisenberg's equation which 
is solvable in the sense of classical field theory, namely the system of 
equations 

;n +m2)0(x) = 
^l,^ - m) i;{x) = -2/^7. : ^(x)0(x)^ : ^^'^^ 

for a Klein-Gordon field </> and a spinor field ip. It is this system of 
coupled equations which we discuss in the framework of |T] . In [5] , this 
system with the Lagrangian density 

L{x) = Lpfix) + Lpbix) + Lj{x), Lpfix) = ip{x){i'y'^d^ - m)'ijj{x), 

Lpbix) = ^{(9^0(x))2-m20(x)2}, Lj{x) =2f{ij{x)rHx))<j){x)d^<f){x) 

is quantized by the method of path integral, that is, the ra-point Schwinger 
functions are calculated by the Euclideanized lattice approximation 
(with infinitesimal spacing, in the framework of nonstandard analysis) 
of following path integral: 

/nV'^.(a^i)exp^ |£^ Li{x)dx\ dV{ij,i;)dg{<P) 
x{ I expil I Li(x)dx\dV(ip,'ip)dg{^) 



dQ{(j)) = expi < / LFb{x)dx f \\ d(f){x) 
expi<^ / LFs{x)dx\ n n^o 



..,..,.„,„.« „rt...,,,« 



where z/'"^ = ip, ip"^ = ip. 

After renormalization we obtain the continuous limit of the lattice 
Schwinger functions. Then the Wightman functions are obtained by 
Wick rotation of the Schwinger functions. If these Wightman functions 
satisfy the axioms of the relativistic quantum field theory, then, by the 



reconstruction theorem, we can construct the operator valued gener- 
ahzed functions 0(x) and ip{x). We understand that these fields 0(x) 
and ip{^) are the solutions of the system defined by the Lagrangian 
density (1.3) according to standard interpretation of renormalization 
procedure. 

In this paper, we try to construct the quantum fields (f){x) and iplx) 
which satisfy the system of differential equations (1.2), then show that 
these fields satisfy the axioms of the relativistic quantum field theory. 
In [5], it is shown that the Wightman functions of ^(x) are not tem- 
pered distributions used in the usual Wightman axioms but tempered 
ultra-hyperfunctions which are used to formulate the quantum field 
theory with a fundamental length in [1]. 

In Section 2 we show that the n-point functionals constructed in this 
way satisfy the spinor version of the functional characterization of our 
condition of extended causality of [1] . In order to verify the remaining 
defining conditions of our relativistic field theory with a fundamental 
length we use Wick power series to define the theory. Accordingly, in 
this second part we construct an operator valued generalized function 
ip(x) satisfying fll.2p . The basic idea to solve the system fll.2p is quite 
natural: 

Take a Klein- Gordon field of mass m and suppose that we can show 
the following three statements: 

A) the Wick power series 

oo 
n=0 

and 

00 



p- ^x) =: e - — := J^^-iTl^"" : ^(x)^" : /n! 



n=Q 



are well-defined as an operator-valued ultra-hyperfunctions. 
B) p{x) satisfies 



-p{x) = 2il^ : (^''^^''^'Mx)^0[x] 



dx^^ dxi^ 



2if ■ p{x)ct>{x)-^^ct>{x) ■ . (1.4) 



C) the free Dirac field ipo{x) is a multiplier for the field p and so, 
define the field 

iIj{x) = 'ilJo{x)p{x), (1.5) 
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^7m 



and calculate 




d \ 


= 


U d \ ] 


pix) 




= -2/^7^?/;o(x) : p{x)(f){x 



p[x) 



dxf^ 



(f){x) 



^x^^ 



= -2/^7^ : ^(a;)0(x)^0(x) : . 

Thus, if A) - C) hold, the operator- valued ultra- hyperfunction %l){x) 
satisfies Equation (11 .2^ . 

In [1] statement A) is shown together with the fact that the fields 
0(x), p{x) and p*{x) satisfy the axioms of ultra- hyperfunction quan- 
tum field theory (UHFQFT). In Section 3 the convergence of the Wick 
power series for p{x) =: e^'^^^^ : is recalled form [1]. In the next section 
the important differential equation dfj,p{x) = 2ii'^ : p{x)(f){x)dfj,(f){x) : 
is proven. Then in order to prepare the treatment of Dirac fields, in 
Section 5 the axioms of UHFQFT with a fundamental length i, for 
general type of (in particular spinor) fields are presented. In order 
to show statement C), we study some properties of p{x) which fol- 
low from the axioms of UHFQFT in Section 5. In Section 7 it is 
shown that the pointwise product (II. 5p of two operator-valued tem- 
pered ultrahyperfunctions is well-defined and thus statement C) can 
be established; and it is shown that 0(a;), ip^x) = ilJo{x)p{x) and 
'0(a;) = p*(a;)-?/'o(a;) = ■ipQ{x)p*{x) satisfy all axioms of UHFQFT for 
general type fields as presented in Section 4, and their Wightman func- 
tions are the same ones obtained in [5] using path integral methods. 

1.2. Localization properties of tempered ultra-hyperfunctions. 

As announced, in Section 2 we are going to show that the system of 
n-point functionals as constructed in the first part satisfy the condition 
of extended causality. Since this condition is based on the localization 
properties of tempered ultra-hyperfunctions we explain here briefiy the 
technical realization of these localization properties. To simplify mat- 
ters we use a simple one-dimensional model first. 

Denote T{-i,i) = R + i{-e,i),T[-k,k] = m + i[-k,k] C C, and 
let T{T{—i,i)) he the set of functions / holomorphic in T{—i,i) and 
rapidly decreasing in any T[—k, k] C T{—i, i). Then for \a\ < i, we get 

5:V"^(x)/(x)rfx=$:i^/w(o) 

'°° 71=0 n=0 

/oo 
5{x + a)f{x)dx. 
'OO 

The above equality implies the following two facts. 



(A) If \a\ < i then An{x) = J2n=o S^^'^H^) converges to 6{x + a) = 
6_aix) in T{T{-i,i)y as N ^ oo. Clearly, for all N e N, 
supp Atv = {0} while for the limit we find supp5_a = {—a}. 

(B) If \a\ > i, A]\f{x) does not converge in T(T{— £,£)'. 

(A) and (B) say: Elements in T{T{— £,£))' do not allow to distin- 
guish between {0} and {—a}, if \a\ < i, but if \a\ > £ then elements 
in T(T{— £,£))' can be used to distinguish between the locations {0} 
and {—0.}. Such a length £ is considered to be the fundamental length. 
T(T(— oo, oo))' is called the space of the tempered ultrahyperfunctions, 
where T(T(— oo, oo)) = \iinoo^£T(T{—£,£)) is the space of rapidly de- 
creasing entire functions. T{T{— £,£))' is the space of tempered ultra- 
hyperfunctions whose carrier are contained in T{—£,£). The standard 
locality condition of quantum field theory in terms of Schwartz distri- 
butions is extended using the notion of carrier of analytic functionals 
(functionals over the test-function space of analytic functions) instead 
of the notion of support of Schwartz distributions. 

For a field (f){x) satisfying the standard Wightman axioms, the two- 
point functional {^,(j){x)(j){y)'$) is a functional over the test-function 
space iS(M^'^), i.e., a tempered distribution. However, for the field 
ip{x) satisfying Equation (1.2), {^,ip{x)ip{y)'^) is not a functional over 
the test-function space 5(M^'^) but, as shown in sections 2 and 7 of 
this paper, a functional over the test-function space T{T{L^ )) for any 
£' >£ = £^{l) = 1/{V2tt) + 0{P), where 

T{L'') = R'-' + zL'', L' = {(yi, y,) G M^'^ \y, - y,\ < £']. 

Thus such a functional can distinguish two events occurring at X\ and 
X2 if the distance between xi and x^ is greater than £, and cannot 
distinguish them if the distance is smaller than £. In that sense, the 
field il){x) does not define a local field but a quasi-local field with a 
fundamental length £. 

It is quite interesting that the parameter / with the dimension of 
length contained in Equations (1.2) is essentially the fundamental length 
£' > £ = £m{l) = //(V27r) + 0{P) in the sense of this theory. 

2. Verification of extended causality 

In this section we are going to prove that the system of functionals 
(5.7) of Part I (see [5]), i.e., the functionals on T(r(R^")) 

W:{f)= [ {det A{z)r'/'W',Jz,,...,z^)f{z)dz, (2.1) 

where A[z) is the n x n symmetric matrix whose entries aj^k are given 
by 

aj,k = akj = 2hr^Kj'^D^~\zj - Zk) 
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for rj = ±1, h±i = e^*'^/^, j < k and ajj = 1, and where the paths 
Tj are M.'^ + i{y^, 0, 0, 0) for appropriately chosen constants ?/°, satisfies 
the spinor version of condition (R3) of extended locahty as presented 
in [1]. For convenience we recall this condition here: 

(R3) (Condition of extended causality): For all n = 2,3, .. . and all 

j = 1, . . . ,n — 1 denote 

L'j = {x = (xi, ...,Xn)e M^"; \xj - Xj+i\i < i}, 
W^ = {{z,,..., z^) G e"; z, - z,+, e V'}, 

where 

V^ = {ze C*; 3x G V; \Rez- x\ < i, \lmz\i < i}. (2.2) 

is a complex neighborhood of light cone V. Then, for any i' > i, 
(i) the functional on T(T(M^")) 

r{T{R'''')) 3f^ w:{f) G C 

is extended continuously to T(T{L^j )), and 
(ii) the functional on r(T(M^")) 

f _^ yyri...rjrj+i...r„ ( r^ , y>ri...r,+irj + ...r„ ( r^ ^ ^ 

is extended continuously to T(Wj ). 

Remark 2.1. In our previous paper [1], we defined a complex neigh- 
bourhood V^ by 

V^ = {zeC*;3xeV;\Rez-x\ + \lmz\i < i}. (2.3) 

But we found that to treat the present model, the neighbourhood 
(12. 2p is convenient, and by this change of the ^-neighbourhood of V, 
our theory [T] is not affected. 

In order to verify this condition fixj G {l,...,n— 1} and assume 

y^+,-y'^>i = l/{V27r), (2.4) 

then by estimate (5.6) of Part I, i.e., the global estimate 

\D^-\x^ -ie,x)\<{2iTe)-^ for all a; G M^ V e > 0, (2.5) 

it follows 

\Al'Dl;;\z,-z,^,r\<i. 

Introduce 

Qn,j{ai,k) = ^ sgn{i,k,...,l)aija2,k---an,i (2.6) 

(i,k,...,l)y^{l,2,...,n) 

(i,k,...,l)^{l,2,...,j+l,j,...,n) 



n,n 



and denote by cr(j+l, j) the permutation (1, . . . , j— 1, j, j+1, . . . ,n) 
{1, . . . ,j — l,j + l,j, . . . ,n). Then we have 

Pn{ai,k) = sgn (<t(j+1, j)))ai,ia2,2 ■ ■ ■ aj_ij_iajj+iaj+ijaj+ij+i ■■■a 

+ Qn,j{ai^k) = -alj+i + Qn,j{ai±) = ±4:l^Dl;;;\zj-Zj+if + Qn,j{ai^k)- 

Hence we can rewrite (5.5) of Part I, i.e., 

det A = 1 + P^{a J ^k) (2.7) 

where Pn{0'j,k) is the sum of homogeneous polynomials of degrees m = 
2, • • • , n in the entries aj^k, 1 < j < k < n with integer coefficients, as 

det A = 1 + Pniai^k) = 1 ± ^l^Di;^\zj - zj+i^ + Qn,j{a^,k)- 

It is clear from (12. 7p . (12. 6p and the details provided about the poly- 
nomial Pn that each term of Qn,j{0'i,k) contains products of 2— points 
functions Dm at arguments different from Zj — Zj+i. If we choose the 
arguments y^ — Vi {i < k) in these 2— points functions sufficiently large, 
Qn,j{(^i,k) becomes very small; and for these points Zj the determinant 
{det A(z))~^^'^ is holomorphic and the function 

(detA(^))-i/2Wo'^J^i,...,^„) 

defines a functional in T{T{L^- ))' for any ^' > £ by Formula (12. ip for 
all / e T{T{L^-)). In fact, for f > £, we choose f > i/°+i - y^ > i 
and other y^. — y^ sufficiently large so that (det A^z))"^^"^ is a bounded 
function of x. Then the corresponding integration path YYj=i ^j of (12. ip 
is contained in 

T(4) = {z = x + tye C^^ \y, - y,+i|i < i'}, 

where \y\i = \y^\ + \y\. We conclude that the functional defined by 
(det A{z))~^/'^W^^^izi, ...,Zn) satisfies Axiom (i) of (R3). 

The transposition of Zj and 2j+i causes the change of ajj+i = cij+ij'- 
and for an index k with j < k ^ j + 1 the change 

0'j,k = O'kJ = Dl^ '{z,j — Zk) -^ -Dm (^i+l ~ ^k) = 0'j+l,k = Ofcj+l, 

aj+i,fc = afcj+i = ^^^(zj+i - 2;fc) -> dI;;;\zj - Zk) = aj^k = a^j, 
results while for an index k with j > k y^ j + 1 the change is 

Oj,fc = ctfej = -D}„ (^fc ~ Zj) -^ D)^ >{zk — Zj j^i) = Oj+i fc = ttkj+i, 

Qj+i^k = ak,j+i = Dl;;;\zk - ^j+i) -^ D';^\zk - Zj) = aj^k = akj- 
We consider the matrix B = (bij) obtained from A by the change of 
j'-th and j + 1-th rows and j-th and j + 1-th columns. Then we have 
det A = det B. Next we consider the matrix C = (cj^k) obtained from B 
by changing only bjj+i = bj+ij = Ujj+i = flj+ij, i.e., Cjj+i = Cj+ij = 
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Dm'{zj+i — Zj). If Xj and Xj+i are space-like separated, then Dm\xj — 
Xj+i) is analytic (space-like points x are Jost points of Dm {x)) and 

Dm {xj — Xj+i) = Dm {xj+i ~ Xj). Therefore for space-like separated 
Xj,Xj+i (y° — y^jj^i = 0) and other y^ — y^ sufficiently large, we have 
det A = det C. Note that Wq ^.(-Zi, . . . , 2;^) is also expressed by the sum 
of products of the two-point functions of the Dirac field as in the scalar 
case, and for space-like separated Xj,Xj^i (?/° — y^^^^ = 0) and other 
Vk ~ Vi positive, we have 

^0,0 1^1' ■ ■ ■ yXj, Xj_|_i, . . . , Zn) = — VVq ,^(2^1, . . . , Xj^i, Xj, . . . , Znj- 

In order to proceed we need some estimates for Dm (xj+i—Xj) which 
are developed below. 



Proposition 2.2. Letuj(\p\) = a/|j?P + m'^ and introduce the auxiliary 
function 



M\p\)z-i\p\x_ ^ 



gm{z,x)= / e— ^iPl^-e-lPl- 2 ^ , , ,, ,M 

\p\^ + m^ + \p\u{\p\) 



Then we have 



D^-)(x° -ze,a;) = [{2nf]~'e~''^^''°-''^ 



a;° — ze)2 — |a;|2 



mi 

+ 



-gm{x^ -i(^,-\x\) Qmix'^ - ie, -\x\) 



x'^ — ie — \x\ x° — ze + |a;| 



[2(27r)2: 
and for Im ;z < and Im x = 0, the estimate 

\gm{z,x)\ < gmiO,0) < -^ 
follows. 
Proof. From the definition of Dm we know 

D^-)(x° -ie,a;) = [2(27r)3]-i f Lu{\p\y^e-''''^\P\^^''°-''^e'P''dp 

= [2(27r)3]-i f u{\p\)-^e-''^^^P^^^''°-'''^ exp{i\p\\x\ cos 9)\p\'^ sin 9d\p\d9dcf) 

Ax\ Jo 

If we put t = uj{\p\) = yjpp + m^ then |p| = y/t'^ — m^, and the 
equation can be continued by: 
1 /""^ 



^21-1 1 



-[2(27rj-j ^— / e 
l\x 



-it{x^-ie+\x\) -i{yjf^-m?-t)\x\ 



]dt 



m< 



l\x\ 



-it{x°-ie-\x\) i{Vt'-^-m'^-t)\x\ 

—i{x^ — ie — \x\) 



[2(27r 



i2l-l 



-i(x° — ie — \x\) 



-it{x°-ie-\x\) i{Vf^-m:^-t)\x\ 



t=m 
t 



yt' — m 



-[2(2 



vr 



\2i-l 



l\x\ 



-it{x°-ie+\x\) -i{VW^m?-t)\x\ 

—i(x^ — 16+ \x\) 



^ TOO ^ 

oo 



dt 



[2(271 



,21-1 



— ^(x^ — ie + |a;|) 
Since 



^_ii(a;0_j,+ |a;|)^-i(Vt53^^_i)|a;| 



t=m 
t 



and 



^_ii(a;0-Je)gTiv't^^^T^|iC| 



yW—rn? 



g-Ja;(|p|)(xO-ie)gTi|Pl|3;| 



^ , g-«'^(lPl)(^°-if)eTi|p||a3| 



iPl 



m 



dt 

d\p\ 



dt. 



m^ 



1 

i|a;| 

1 

i|a;| 

1 

i\x 



|pp + m? + \p\uj{\p\) 
= mgm{x° -ie, ±|a;|) 

-it{x°-i€-\x\) i{Vt'^-m'^~t)\x\ 



d\p\ 



—i{x^ — ie — \x\) 

-itix^-ie+lx]) -i{Vt'-^-m'-^-t)\x\ 

— i(x° — ie + \x\) 
—i i 



1=171 

oo 



t=m 



x^ — ie — \x\ x^ — ie+ \x\ 



{x° -ie- \x\){x^ -ie+ \x\) 
Dl^^x^-ie^x) = [(27r)2]^ie-'™("°-'^) 



a;" — ze)2 — |a;P ' 



'x° — ze)2 — Iccp 



7m 



[2(2vr)2; 
\gmiz,x)\ < 

m 



-gmjx^ - ie, -\x\) gmix° - ie, \x\) 

n • II ' 



x^ — le — \x 

oo 



m 



|p|2 + m2 + |p|u;(|p|) 



X^ — 2e + a; 



d|p|=^^(0,0) 



m 



</o 2W^T^"^' 2 



— tan 

m m 



V2: 



TX 



J |p|=0 



D 
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Corollary 2.3. Introduce 

Imil) = [l/{27r)][l'^mV2/8 + ly/2 + 2{m/8yF] 
and a = miii-i- jx*^ — ze ± |a;||. Then, if a > tm{l), the estimate 

2l'^\D^~\x'^ -iet{x),x)\ < 1 
holds. 

Proof. We have the following inequalities. 

1 



\D^{x''-ie,x)\ <(2 



TT 



\-2 



(a;0 -ie- \x\){x'^ - ie + \x\) 



+ [2(27r)^| ^m 



1 V2n 



x^ — ze — kc 



xO — ie + 



x\ 



1 



< (27r)"2J- + (27r)"2m 






2l^\Dm{x'^ -ie,x)\ <2l 
As a solution of the inequality 

2/2(27r)-2 
we have 



, o 1 , , r, V 27r 1 
a^ 4 a 



1 V27rl 

-— + 772- 



a^ 



4 a 



<1, 



a > i^{l) = [l/{2n)][l'^mV2/8 + l^2 + 2i^^^ij^]. 
This completes the proof. D 

Corollary 2.4. Denote by dist [x, V) the distance between x and the 
closed light cone V = {x = (x°, x) G M^; \x^\ > \x\}, and for i > 

l^^ = {x e M^ dist (x, y) <e}. 

Define ei{x) by et{x) = i if dist (x, V) < i/V2, e^(x) = ^^2^ - 2dist (x, Vy 
if ^I\f2 < dist (x, V) < £ and e^(x) = z/ dist (x, V) > L Then 
< ee,{x) < a and suppef(x) C Vi. Let t = //(v^tt) and assume 
V2£ > £rn{l), e.g., assume ml < 2. Then, if i" > i, the estimate 

2/2|L)(^)(x°-ie^»(x),a;)| < 1 

holds. 

Proof. The support property of ee"{x) follows immediately from the 
definitions, and it is easy to see that 



X 



± la^ll > v/2dist(x,1^) 



and we have, 



a(x)^ = min |x° — ief//(x) ± \x\\'^ > 2dist (x, V^ + e£//(x)^. 



± 
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If dist (x, V) > i"/V2, then a{xf = 2i"^ > 2^ > im{l?, and the 
estimate holds. If dist (x, V) < £"/V2, then ei>>{x) = £" > i, and 
the estimate follows from the inequality (12.51) . This completes the 
proof. n 

For any i > £, we choose £ < i" < i'. Let e(x) = e^'/(x), and 
ttjj+i = Dm {xj — Xj+i + ie{xj — Xj+i)) and for the other ai^k take y^ — 
y^ sufficiently large. Then (det y4(x))~^/^ and (det C(x))~^/^ are well- 
defined continuous functions of x and (det y4(x))~^/^ = (det C(x))~^/^ 
if Xj — Xj+i G R^\Vf". Let 

>V;(zi, . . . , Zr.) = (det A{z)r'/'Wl^{z,, ...,Zn) 
and 

^a'iz) = >V;'(z'), Z' = {zu..., Zj+u Zj,...,Zn), 

r' = (ri, . . . , rj+i, Vj, ...,„),«' = (ai, . . . , a^+i, aj, ...,«„)• 

Then, by deforming the path Tj x Fj+i in Eq. (12. ip into Gjj+i, we can 
write 



Jg, 



W:{z)f{z)dz+ / W;'^(^)/(^)dz, 

where |/° = ?/°_,_]^ and 

Gjj+i = {(x°+%°-ze(a;j-Xj+i),a;j,a;°+i+zyJ+i,a;j-+i); (xj,a;j+i) G M^'"^}, 

Since W^(2) + W^'J(^) = for Xj - xj+i G M^\l^^", 

/^, W:{z)f{z)dz+ [^ W::^{z)f{z)dz, 

where 

^e" _ 

{{x^j+iy^-ie{xj-Xj+i),Xj,x°j^^ + iy^^^,Xj+i);Xj-Xj+i G M^nV^"}, 

^£" _ 

{(x° + 2y°,cCj,x°+i + i|/°+i-ie(xj+i-Xj),a;j+i);Xj-Xj+i G R^nV^"}. 
Since Gj'^+i Hi^ij+i Ti, Gj+ij Ui^jj+i ^i C IV/, this shows that 

r(w/')9/-.w;(/) + w;'^(/)GC 

is continuous and satisfies the axiom (ii) of (R3) of [1]. 
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3. Convergence of Wick power series for p(x) =: e^''^^^^^ : 

Our starting point are the well-known results of Jaffe [1] on formal 
Wick power series of free fields. If we consider the power series of a 
free field 

,«(,) = f^,«iiM:ii, (3.1) 

n=0 

then we have the following theorem. 

Theorem 3.1 (Theorem A.l of [1]). In the sense of formal power series 
the following identity holds 

{%,P^'\x^)...p(-\x^)%)= f2 ^^ (3-2) 

i"ij=0; l<i<j<n 



where 



n 



0, i?, = ^r,,, A{R) = l[> 



ij) 



^ij ~ ^ji^ "^ii ~ U, lii — y ^ Tjj , A[li) — I I OiR 



^!= n (^^^•)'' T''= n ^^^y" (3.3) 

l<i<j<n 1<*<J<"- 

tij = {%,4>{xi)^{xj)<!>o) = D^-\xi - x.j). 
Corollary 3.2. In the case of 

,:0(x)": 



n=0 



(ESP becomes 



($0, (T^^\xn) ■ ■ ■ a(")(x„)$o) = exp <^ ^ gig^tij \ 

Kl<i<j<n ) 



Proof. The chain of identities 



2 n n 



n i9^9A'n = n {^^^^.p=nn^r^^; 






n \ n / " \ ^ 

shows that 11 {gigjY'^ = A{R), and thus we get 

l<i<j<n 

exp<^ J2 9i9jtij>= n exp{^i^jtij}= JJ Z! ^^^^ 
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- t n ^^ff^- t n {«*}-^' 

rij=0;l<i<j<nl<i<j<n ■' rij=Q;l<i<j<n l<i<j<n 

= E ^^^^ = ($o,-(^nXn)---a(")(x„)$o). 

'■ij=0;l<i<j<n 

D 
Assume that for some a > 

limsup[|4')|Vd]i/" = a. 

n— >oo 

Then Theorem 6.3 of [T| says that the power series (13 .ip defines an 
ultra-hyperfunction quantum field with fundamental length i 

£ = v^/(27r) 

if is a massless free field. Now consider 



p{x) =: e^^^(-)' := J^i^g) 

(272)!: 0(x)2" 



n=0 



E(^^)^ 



oo 



n=0 

H^f .- 

n=0 



n\ {2n)\ ' 



-ig4>{x) 



PW =:e — ' ■=^{-ig) 



„:0(^' 



i2n . 



n! 



In this case we find for the above limit a = 2\g\. Suppose that the 
< tjj's satisfy 

^ 2 o 

\<i<i<n '•^' 

Then the power series 



oo 



E ^ (3.4) 

of Zij {I < i < j < n) for p^^\x) = p{x) or p^^\x) = p*{x), where 
Z^ = ni<i<j<n(%)'^'''' ^^ absolutely convergent for \zij\ < tij {I < i < 
j ^ n). This shows the convergence of the vacuum expectation value 

{^o,P^'\x,)---p^-\x^)%) 

in the sense of tempered ultra-hyperfunctions, and moreover implies 
the strong convergence of 

n=0 

for A^ ^ OO (in the Fock space), where $ = p^''\fi)---p'^'^\fm)^o 
for fk G T{T{M^)). For the definition and basic properties of the 
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testfunction space T(T(]R^)) of tempered ultrahyperfunctions we refer 
to [I]. 

Proposition 3.3. Abbreviate 

with Tj = ±1. Then the vacuum expectation values of these fields are 
given by 

(<l>o,p«(a^i)---P^"Ha^n)$o) = (detA)-V2, ^3 5) 

where A is the n x n symmetric matrix whose entries aj^k ore given by 

aj,k = ak,j = 2hr^hrJ^D^^\xj - Xk) 

for h±i = e'^™/'^ , j < k and ajj = 1. 

Note that the result (13.51) is the same as the corresponding result in 
0. 

Proof. The equation 



can be considered as an equation for the following two power series of 
the variable p: 

/oo oo 

j2mprMe-''/'dt = Y.i-pV'^r/ni, 
n=0 n=0 

and by inserting p = -\/20(x) and using Wick products we get, as a 
formal series 



^[: (ztv^/i0(x))" : /n\]e-''dt = ^ : {-{h<P{x)ff : /n! 

n=0 n=0 

We write this as 

(27r)^^/2 f . ^itV2hm . e-tV2^^ ^. ^-{hm)' , . 



Let hr. = e^^^^l^ and denote a^^{x) =: (^h-f^^r,4>(x) ._ rp^^^^ Corollary 
2.2 says 

(<l>o,aW(a:i)---a(")(x„)$o) 



exp < ^ -2tjtkhr^hri^D^ 



m \-^J 
.l<j<k 

and thus we get 

{<!>o, p{xi) ■ ■ ■ p{xn)%) 
1 f /y". ,, .. , -'>.i.A.,.h^.h^. nlr' 



m v^j ^k) 



|J...............-..-.;u..|,,..,,„ 



(27r)"/2 

= (detA)-i/2_ 

D 
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Note that (j){x) = p^'\x) if a^^ = 1 and ai'^ = for ra ^ 1. Let 
U{a, A) be the unitary representation of the proper Poincare group for 
the free neutral scalar field in the Fock space 7i. Then the system 
{H,^o,U{a,A),(f){x),p{x),p*{x)} satisfies the axioms of UHFQFT. 



4. Verification of the equation 

d^p{x) = 2if : p(x)0(x)9^0(x) : 

We begin by recalling some basic facts about Wick products of free 
fields which are then used to study Wick polynomials and Wick power 
series. 



Let 7i be the Hilbert space defined by 



ri — (Bn^nHn- 



Here, Tin is the set of symmetric square-integrable functions on the 
direct product of the momentum space hyperboloids 

eu = m\ e°>0, /c = l,...,n (4.1) 



with respect to the Lorentz invariant measure I I dQm{^k), where 

dedede 



k=l 
d^miO 



In the fundamental paper [6], we find the following quite general for- 
mula (3.44) for the definition of Wick products of a free field of mass 
m as operators in 7i: For / G iS(M^) and $ G 7Y one has: 

(: D"'^V^"''V- ■ -^"'V : {fW\^i, ...,U (3.44) 

V2_ ' r(^^/^o.^ni/2 , r /^ 



p^El^^^f^r /■■■/(n<'"™(-) 



j=0 



X 



fc=l 

0+1) 



l<ki<k2<...<ki_j<n P 

\r=l r=l 

$("-'+2,^7/1, ... ,ry,-,ei, ... ,6,, ... ,4-„ ••• ,en), 
I 

where in the summation \^, only those terms are to be retained for 

i=o 
which n — I + 2j > 0, and the sum 2. is over all permutation of the 
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variables rji, . . . ,i]j, (— ^fcj, . . . , (— ^fc;_ )• We reconsider this formula in 
the sense of operator- valued ultra- hyperfunctions. Let |/3| = 1 and 



\a 



(1)1 



\a 



(2)1 



T 



1/2 



(27r)2a"i) 



E 

i=o 



= |a*^'^| = 0. Then we have from (3.44) 

J "1 U 



n\ 



W_dVLjn{rik 



l<fci<A:2<...<A:;_j<n 



i-i 



/3 



i-i 



X 



E^ me*-e&.- / e*-e&.- 



X 



■r=l r=l 



. r=l r=l 



X 



<|.(""'+2,)(^^^___^^^.^^^^___^4^^___^4 ^___^^^). 



J/2 



r^2«-l) Z^ 



(27r)2('-i) 



3=0 



{n-l + 2j)\ 



n\ 



1/2 



]^rffim(?7fc 






l<fci<A;2<---<fc;_j<n P \ \r=l r=l 

x$("-'+2j)(ryi, . . . ,r/„ei, . . . ,6i, . . . ,4-„ • • • ,en) 

Observe that 

J]P(ry,) = 5^P(-a) 
p p 

for any i and r. This implies for \(3\ = 1, 



E^((^^)') = E^((-^^^)') 



and therefore 



«-i 



E^ mEx-E^'O / Ex-E^ 



r=l r=l 



r=l r=l 



l~j 



P \ \r=l r=l 

On the other hand, we also have from (3.44), for \a^^^\ = 1, and |a^^''| 
... = |a«|=0 

(:(D"'^V)0'-':(/)$)^"Hei,...,en) 



TT' 



i/2 



I 



(27r)2('-i) 



itE 



i=o 



(n-/ + 2j)! 



n\ 



1/2 



]^rffi„(?7fc) 



^fc=i 
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>{1) 7. 



l<fci<fe2<...<fc;_,<n P \ \r=l r=l 



s that 

(: 0' : (-D-'^V)$)W = /(: (D-'^V)0'-i : (/)$)H, (4.2) 



that is, 



D"''' : 4>{xy := I : (D"''V(a;))0'"'(x) : . (4.3) 



Let Vq be the set generated by the vectors of the form 

P^'\fi)---p^-\fn)%JkeTiT{R')), 

where p^^\x) is one of </'(x), p{x) and p*{x), and $ G Pq- Then we 
have seen in the previous section that 

1=0 '• 
is strongly convergent, and by (14.21) 



This shows that 

f:^:0^':(-l^"'^V)$ 



J2jl^2:iD<^^'^^W^^-^^:im 



1=0 

We write the last expression as 

= 2(i^):(D°'^V)0f:^:0^' ::(/)$ 

= 2tg : (D'^^'V)0P : (/)$• 
That is, the formal expression (which is difficult to give a direct mean- 
ing) 

2ig : (D"''V(a;))0(a;)(: e'^'^^'^' :) : $ 
= 2z^ : (D"'^V(^))0(x) E ^ ^ '^''(^) ^^ "^ 
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can be understood as 



1=0 

oo 



Then by fl4.3p . the above expression equals 

{^9y 

1=1 
and this is equal to 



1 = 1 



D"'^'5^M: 02.(3;) :$ = D"'^V(a:)$ 



l\ 
1=1 

in the sense of generalized functions. In the above understanding, we 

have 

D"^'V(a;)$ = 2ig : (D°''V(a;))0(a;)p(a;) : $, (4.4) 

that is, if the Wick product 

is defined by the Wick power series 

f;2^^:(D"''V(x))0(x)^02/(^)^^ 

1=0 

then we have (10|) . i.e., (TL4l) . 

5. Wightman's Axioms for general type fields 

In Wightman's scheme, the concept of a relativistic quantum field 
(j)^'^^ of type K plays a fundamental role. Such a field, for example a 
scalar, tensor or spinor field, has a finite number of Lorentz components 

The field components (pj (x) are operator- valued generalized functions, 
i.e., 

<pf\f)= Uf{x)f{x)d'x 



are densely defined linear operators in a complex Hilbert space Ti. They 
are not assumed to be bounded. 

Here we state Wightman's axioms for the ultra-hyperfunction quantum 
field theory [1]. For the neutral scalar fields, these axioms are the 
axioms in [1]. 
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W.I. Relativistic invariance of the state space: There is a complex 
Hilbert space Ti with positive metric in which a unitary representation 
U{a, A) of the Poinare spinor group Vq acts, (a, A) i— > [/(a, A) is weakly 
continuous. 

W.II. Spectral property: The spectrum S of the energy- momentum 
operator P which generates the translations in this representation, i.e., 
^laP _ jj(^Q^^ i^^ jg contained in the closed forward light cone 

y+ = {p =(/,..., p3)eM4.pO>|p||_ 

W.III. Existence and uniqueness of the vacuum: In 7i there exists 
unit vector $o (also denoted by |0) and called the vacuum vector) which 
is unique up to a phase factor and which is invariant under all space- 
time translations U{a, 1), a G M^. 

W.IV. Fields: The components (f)j of the quantum field 0^"-' are 

operator- valued generalized functions (f)j (x) over the space T(T(]R^)) 
with common dense domain V; i.e., for all \1/ G P and all $ G 7i, 

T(T(R^))9/^($,0W(/)v1/)gC 

is a tempered ultrahyperfunction. It is supposed that the vacuum 
vector $0 is contained in V and that V is taken into itself under the 
action of the operators (j)j (f) and U{a, A), i.e., 

(j)f{f)VcV, U{a,A)VcV. 

Moreover it is assumed that there exist indices R, J such that 0j (/) C 

ct>)> 
question. 



(/)* where * indicates the Hilbert space adjoint of the operator in 



W.V. Poincare-covariance of the fields: According to the type of 
the field, there is a finite dimensional real or complex matrix represen- 
tation V^^'XA) of ^L(2,C) such that 

f/(a,A)0f)(x)f/(a,A)-i = Y,ylf{A-')<pf{KA)x + a), 

i.e., for any / G T{T{M.'^)) and ^ G P, 

[/(a, A)0f (/)f/(a, A)-ivl/ = 5^ V;.y(A-i)0f)(/(a,A))v&, 

where f\aA)i^) = fiH^V^x - a)). We have I^W(-l) = ±1. If 
V^('*)(-l) = 1, then the field is called a tensor field. If V"('")(-l) = -1, 
then the field is called a spinor field. 
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W.VI. Extended causality or extended local commutativity: 

Any two field components (jr^ (x) and cpf (y) either commute or anti- 
commute if the distance between x and y is greater than £: 

a) The functionals 

and 

T{T{R')) X r(r(M^)) 3f0g^ i<^,4^'\g)<pf\m) 

can be extended continuously to T{T{L^)) in some Lorentz frame, for 
arbitrary elements $, \1/ in the common domain V of the field operators 
0^(/), where 

T{L^) = {{zi,Z2) GC^'^;|Imzi-lmz2| < i}- 

b) The carrier of the functional 

{f.g)^{^,[<pf\f).<P^'\9)h^) 
on TiTiR"^)) X T{T{R^)) is contained in the set 

where 

V^ = {z e C^lBx e V,\Re z - x\ + \lmz\ < £} 

is a complex neighborhood of light cone V, i.e., this functional can be 
extended continuously to T{W^). 

W.Vll. Cyclicity of the vacuum: The set Vq of finite linear combi- 
nations of vectors of the form 

ct>t'\h)---ct>f:\fn)^o. f,eT{T{R')) (n = 0,l,...) 
is dense in H. 



6. Some Consequences of the Axioms 

A vector- valued generalized function $/r' (/) is defined as follows: 
First, let g{xi, ...,Xn) = fi{xi) ■ ■ ■ fn{xn) for fj G T(T(]R^)), and de- 
fine $fc.X")(^) by: 

If r(T(M4))®" 3 gk -^ f{xu ■■■.Xn) G r(T(M^")) in the topology of 

T(r(M^")), 



\^t::::\9k - giW 



>€:i3":;:"H(^^ - 9ir ® iok - gi)) - o. 
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This shows that there exists a vector $}IJ!.'.X" (/) such that 
and the mapping 

is continuous. The Wightman (generahzed) function yvl^\'.'^^„" (f) is 
defined by 



- /ii.../i„ 



.(i^j 



With the definition of the Fourier transform $/r" of $/r" by 

— n — n 

we find 
f/(a,l)$if")(/)=f/(a,l)$(f")(/) = 



$?"n/(a,i) 



$|f"^ /exp 



^ ^PkC 



I I 2_^Pka 

According to standard strategy we use this identity to determine 
support properties of the Fourier transforms of the field operators. Let 
h e r(r(M^)). Then we have 



(27r)2/i(P)l>(f ")(/)= / /i(a)f/(a,l)rfa«|(f")(/) 
= (27r)2(<i.(f")(pi, . . . ,p„), /i(pi + . . . +p„) . /(pi, . . . ,p„)). 

— n 

Let Xn be a hnear mapping defined by 

{pi,...,Pn) = X™(gO,---,gn-l), Pfc = Qk-l-qkik = l,...,n-l), Pn = Qn-l- 

The inverse mapping x~^ is: 



Qk 



i=fc+i 



ri 



Define ZJr"^ by 

— 7i 



Then 



— ri — n 



°X. 



Let oo e i/(M<"^i):M<"-i)) and oi G //(M^M^). Then we have 



91 



h{P)Zl^-\~g, ® ^2)) = Zl^-\h ■ ~gi ® ^2)) 



9i 



{P)~Z\^-\h®~g,)). 
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These equalities show that the vector-valued generalized function 

—n 

has its support contained in the spectrum S of energy-momentum op- 
erator P (see Proposition 4.5 of [T]), and 

m{%, Z\^-\~gi ® ^2))) = ($0, h{P)Z\^-K9i ® h))) 

—n —n 

—n —n 

This equality allows us to define a functional W^~" by 

{2nywlf-\~g2) = {%,Zl^-\h®~g2)) 

—n —n 

for h G iJ(]R^;M^) with h{0) = 1, since the right hand side of the 
above equality does not depend on h & H{M^;M.'^) provided h{0) = 1, 

equivalently, / h{x)dx = (27r)^. Moreover, we have 



(27r)2^i(0)iy^^")(^2) = {%,Zl^-\~gi®~92)), 

—n —n 

and this shows that 

W^^ o Xn(go, gi, . . . , qn^i) = {2nf5{qo)Wl,^"\qu • • • , Qn-i). 

—n —n 

Let fj = gj ox~^ (j = 1, 2). Then 

/r ® /2 (Pl: • • • , Pm+n) = fli-Pm., • • • , -Pl)/2 (Pm+1, • • • , Pm+n) 

= 9l{-Pl Pm, • • • , -pi)^2(Pm+l H hPm+n, • • ■ , Pm+n) 

= 9l{Qm -qo,...,qi- go)^2(gm, • • • , Qm+n-l), 

and 

—771 — n — 7n — n 

I— 7TT, i— n — //t-r ft 

= ((2vr)25(go)W^i:':r\gi,...,gm+n-i), 

^i(gm - go, • • • , gi - qo)g{qm, • • • , gm+n-i)) 

= (27r)^(iy/.^™+" (gi, . . . , gm+n-l), ^l(gm, • • • , qi)g{qm, ■■■, qm+n-l))- 

This identity implies that the support of W^f" {qi, ■ ■ ■ ,qn-i) is con- 
tained in S"~^ (see Proposition 4.6 of |T]). Moreover, the equality 

—n —n 

= (27r)2(iy^^2„)(g^^ . . . ^ g2n-i), I(gn, . . . , gi)^(gn, . . . , g2n-l)) 

— 2n 

shows that the support of Z/r'' {qo, . . . , Qn-i) is contained in S^. From 
this support property it follows that Zjr [g) exists for a much wider 
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class of test functions g than was originally considered. For example, 
the function 

g^{q) = (27r)"%'E"=o '^^^^\ Im Q e V+ + i,{l, o) 

belongs to the class of test functions for sufficiently large ij. We inves- 
tigate the region of holoniorphy of the following function 

= H^^"H-C-i,---,-Co + Co,...,Cn-i). 
Now, we recall the following proposition. 

Proposition 6.1 (Proposition 4.7 of P). There exist decreasing func- 
tions Rij{r) defined for i < r such that W/l~^" (Ci, • • • , C2n-i) is holo- 
morphic in 

This proposition shows that Z/r" (Co, • • • , Cn-i) is holomorphic in the 
domain Im^o € V"+ + (£, o)/2 and Im^fc G K|_ + (^fc, o) for sufficiently 
large ^^ for A; = 1, . . . , n — 1. Note that 

(^C°x;^^)(Pi,---,Pn) = (27r)"2''expi(C,XnV) 
= (2vr)-2-expz(x;^^C,p) = (27r)-2-exp^(^,p), 
where z = Xn^^C and C = Xn^, that is, 

Co = 2^1, Cj = ^i+i - 2;j (j = 1, . . . , n - 1), 
i-i 
2^1 = Co, Zj = X] Cfc (j = 2, . . . , n). 

fc=0 

Therefore we get 

^^Hco,...,Cn-l)=^^)(^c) 

— n — n 

—n —n 

and 

—n ' ^ 



n 



k=\ 



fc=i 
where Iq = i/2 + e for any e > 0. Note that the Poincare group acts 
on gc;{q) as 

{a, A) : g^{q) -^ g^{A{Ay^q)e''"'° = (27r)^2ngi[E"roiA(A)-ig,c.]eia9o 
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Then the formula of covariance 



Q^a■qo 



Ul,...,Vn j = l 

imphes the following simple formula of covariance in the domain of 
holomorphy of $}f" (-^i, • • • , Zn) in complex space: 

[/(a,A)<D(f")(zi,...,z„) 

— n 

n 

= E n^i;:^i(^"')^fcrHA(^)^i + «,---,A(AK + a). (5.1) 

Ul,...,l/„j = l 



7. Multiplication of p{x) and ipi^x) 

As stated at the end of Section 3, {H,^o,U{a,A),(f){x), p{x), p*{x)} 
satisfies the axioms of UHFQFT. Let p^'^''{x) = p{x) and p^'^\x) = 
p*{x). Then, as we learned in the previous section, the vector- valued 
function p^^^\zi) ■ ■ ■p''^"^(z„)$o is holomorphic in 

{(^1, ...,Zn)e C^"; Im^i e n + (4, o), Im {z,+^ - z,) eV+ + (£,-, o)} 

for some £j > £ > (j = 1, . . . , n — 1), where p^^\x) is one of p^'^\x), 

p^'^\x) and 0(x). Let ipQai^) = '^o,a{x) and ipQ^ix) = ipQai^) ^^ ^ ^^^ 
Dirac fields of mass M. Then the system 

{/C,M/o,^(a,A),^J:i(a;),45(x)} 
satisfies the axioms of tempered field theory (and consequently, that of 
UHFQFT), and therefore V^o/3i(^i) ' ' ' V'o/3„(^n)^o is holomorphic in 

{{zi, ...,Zn)e C^""; Imzi e V+, Im (zj - Zj_i) E V+}, 

where X = k, j3 = a or X = k, j3 = a. Therefore, p{z)^ for $ = 
P^^'H/2) ■ ■ ■p(^")(/„,)$o, fj G T{T{R^)) is holomorphic in 

{zeC^;lmzeV+ + {i/2,o)} 

and ^o,a,(^)^ for ^ = ^^^^^,^(^2) ■ ■■4Ai9n)'^o, 9, e ^(M^) is holomor- 

phic there too. 

The composite system 

{n O /C, $0 ® ^0, U{a, A) ® V{a, A), 0(x) ® J/c, p{x) (g) J/c, 

p*(a;) ®lK.Jn® ^o,a(y), /« ® ^o,a(y)} 

is the tensor product of two systems and thus satisfies all the axioms of 
UHFQFT. Although the tensor product is well-defined, the pointwise 
product is not necessarily well-defined for generalized (vector-valued) 
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functions. In the category of distributions, the following theorem is 
well-known: 

Theorem 7.1 (Theorem 8.2.10 of |3j). Ifu, v G V'{X) then the product 
uv can he defined as the pullback of the tensor product u ® v hy the 
diagonal map 5 : X ^> X x X unless {x,^) G WF{u) and (x, —S,) G 
WF{v). 

In our case, the condition that p{z)^ and ipo^ax {z)'^ have the common 
domain of holomorphy, 

{zGC^Im^G VV + (^/2,o)}, 

which corresponds to the condition of the wave front sets WF{u) and 
WF{u) of distributions, implies that the product {4'o,aP){f) is well- 
defined by the formula 



JFn 

TN = {zeC^;z = x + i{N,o)} 

for suitable A^ > 0. Thus the field ^0(2;) is a multiplier of the field 
p{x). Similarly one can show that ^^tpo,a is a multiplier for p{x) and 
then we calculate 

= (^o,aP)(-^/)^ ® $ = y (-— /(^))^o,a(^)^ ® p{z)Mz 






This gives 



d d 

(^V^o,a(x))p(x)^ ® $ + ^o,a(a;)^p(x)* ® $. 

Let '?/'(a;) = '?/^o(a;)p(3^) and ip{x) = ipo{x)p*{x). We can easily see that 
the fields ip{x),'ip{x), 0(a;) satisfy the axioms of UHFQFT except for the 
extended causality, which is proved in Section 2. In fact, the conditions 
WI - WV follow from those of the systems 

{7^,$o,t/(a,A),0(x),p(x),p*(x)}and{/C,vl/o,V(a,A),V'£W,4SW} 

(for WV the relation (5.1) is used). For WVII, we only have to restrict 
the Hilbert space 7i®fC to the subspace generated by 

'^^H/i)---4:"^(/n)*o®^o, f,eT{T{B.')) (n = 0,l,...). 
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where (j)f\x) is i/ja{x) = {In ® i^oA^)) " (pi^) ® -^a:) = p{x) ® i^o,a{^) 
or ipaix) = {p*{x)(g)Iic) ■ (/w ®^o,a(a;)) = p* (x) (g) ipoAx) or 0(x) (g)/;c- 

At the end of this section we complete the proof of the condition 
of extended causahty in the form of axiom WVI by showing that this 
axiom is equivalent to Condition (R3) for the Wightman functionals 
which has been verified in Section 2. 

Proposition 7.2. Assuming the validity of the other axioms, the axiom 
of extended causality WVI is equivalent to the following condition 

(R3) For all n = 2,3, .. . and all i = 1, . . . ,n — 1 denote 

Li = {x = {xi,...,Xn) e R'^''; \xi-Xi+i\i <£}, 

W[ = {x = {z,,...,z^)e e"; z, - z,+i G V'}. 
Then, for any £' > i, 
(i) the functional 

T{T{R'-)) 3 f ^w\:-:;:\f) ec 

is extended continuously to T{T{L'i )), and 
(ii) the functional on T(r(R^")) 

f _^ va;(ki...KjKj+i...k„)(' /■N I va;(ki...K3+iKj+...k„)|' i'N ^ (p 
J ' '^/ii.../Xj/ij+i.../i„ \J ) I '^ '^/Ji.../ij+i/ij.../i„ \J ) ^ ^ 

is extended continuously to T{Wf ). 

Proof. Since the spinor/tensor indices do not play a role in this state- 
ment the proof given in [l] for the scalar case applies (see Propositions 
4.3, 4.4 and Theorem 5.1 of [1]). D 

From the tensor structure of the composite system of p{x) and ^o(^); 
the Wightman function of iIj{x) = tpo{x)p{x) is the product of the 
Wightman functions of ipoi^) and p(x). Then it follows from Proposi- 
ton 3.3 that the Wightman functional of ip{x) is just (2.1) for which 
the extended causality (R3) is proven in Section 2. Thus the axiom 
WVI is verified. 

8. Conclusion 

After the condition of extended causality had been verified in its 
functional version (Section 2), this second part of our study of a lin- 
earized model of Heisenberg's fundamental equation established first 
the convergence of the Wick power series 

oo / ■;2\n 

p(x)=:e*''^(^)':=y^:0(x)2": 

n=0 

through Wick power series techniques. It turns out that this power 
series converges in the sense of tempered ultra-hyperfunctions but not 
in the sense of (tempered) Schwartz distributions. 
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Next through the use of further Wick product techniques it is shown 
that this field p satisfies the differential equation (in the sense of operator- 
valued tempered ultra-hyperfunctions) 



d^p{x) = 2il : p{x)(j){x)df,(t){x) : 

where we used the abbreviation 9^ = ■^. 

Finally, in order to solve the system (11. 2p by the ansatz 

V'(x) = %l)o{x)p{x) (8.1) 

with %po being a free Dirac field two results have been established, 
namely 

a) the concept of a relativistic quantum field with a fundamental 
length of general type k (i.e., a scalar, tensor or spinor field) 
generalizing the case of a scalar field presented in [1] and 

b) the free Dirac field ipQ is a multiplier of the field p. 

Then it follows that the field if) in (18. ip is a relativistic quantum field 
with a fundamental length of spinor type which satisfies the system 
(II. 2p . The interpretation and the motivation of our use of the concept 
of a quantum field theory with a fundamental length can also be found 
in the introduction to part I and in [1]. 

We find it a very remarkable fact that the length parameter / in the 
linearized version of Heisenberg's fundamental equation can be inter- 
preted as the fundamental length in the sense of our theory of rela- 
tivistic quantum field theory with a fundamental length as developed 
in pp. 

As important physical consequences we mention that therefore the 
solution of the linearized version of Heisenberg's fundamental equation 
falls in the class of quantum field theories for which the PCT and spin- 
statistic theorems hold and for which a scattering theory is available. 
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